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Abstract 
Recall that a semigroup has the property Pn if for any sequence of n of its elements, two 
differently permuted products of these n elements are equal. Let s be an infinite Sturmian word 
(on a 2-letter alphabet A). We prove that the Rees quotient of A* by the set of the non-factors of 
s has PT and that this result is the best possible. We prove also that if St is the set of all finite 
Sturmian words, then the Rees quotient A*/(A* - St) has Ps*. 
Rappelons qu’un semigroupe a la propriktk Pi si pour toute Suite de n de ses Elements, il 
y a deux produits de ces n Elements, dans des orders diffkrents, qui sont kgaux. Soit s un mot 
Sturmien infini (Sur un alphabet A A deux lettres). Nous prouvons que le quotient de Rees de A* 
par l’ensemble des mots non facteurs de s a P4 et que ce resultat est optimal. Nous prouvons 
aussi que si St est l’ensemble de tous les mots Sturmiens finis, alors le quotient de Rees 
A*/(A* - St) a Pg. 
1. Introduction 
Sturmian words have been extensively studied for a long time and play an impor- 
tant role in several areas (see e.g. [SI). Here we study these words in connexion with 
the weak Permutation property of semigroups. We recall that a semigroup is weakly 
n-permutable, or has Pz, if for any n-tuple of its elements there exist two differently 
permuted products of these elements which have the same value. With a language 
L on an alphabet A, there is naturally associated the Rees quotient R(L) = A*/I(L) 
where the two-sided ideal Z(L) is the set of the words which are not factors of words 
in L. 
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When L is the set of the factors of an infinite Sturmian word, the first result was 
obtained by Restivo [14]. He shows that, in the particular case of the Fibonacci word, 
R(L) has Ps*. A precise result was given in [13] in this same particular case: R(L) has 
Pz but has not Pj. 
In the case of an arbitrary infinite Sturmian word, it follows from [lO, Theorem 
1.101 that R(L) has PT for n large enough. We give here the precise result in this case. 
Theorem 1. Given any infinite Sturmian word, the Rees quotient associated with the set 
of its factors has Pz but has not Pz. 
New, let St be the set of the finite Sturmian words, that is the set of all the factors of 
infinite Sturmian words. As the number of elements of length m in St is not linearly 
bounded, Theorem 1.10 of [lO] does not apply (for the precise value of this number see 
[l, 5, 111). We prove here the following: 
Theorem 2. The Rees quotient R(9) associated with the set St of all finite Sturmian 
words has Pl. 
As clearly, R(St) has not PJ in view of Theorem 1, the Problem for Pn, 4 < n < 7 
remains open. 
2. Preliminaries 
2.1. In this Paper, A = {a, b} will be a 2-letter alphabet. A word is an element of the 
free monoid A* generated by A. The empty word is denoted by E. Let u E A*, then IuI 
denotes its length (number of its letters) and 1~1, (resp. 1~1~) denotes the number of 
occurrences of a (resp. b) in it. If u = u(l)u(2) . . . u(m), u(i) E A, its mirror image is 
M = u(m)u(m - l)... u(2) u(1). If u = U, u is a palindrome. The word u is a factor of 
the word v if v = xuy for some x, y E A* (left, right factor if x, y = E). A (right) infinite 
word q is a function from the set of positive integers into A. We write q = 
q(l)q(2)...q(i)...,q(i)EA.A(finite)worduisafactorofqifq=xuywithxEA*and 
y E A”, where A” denotes the set of all infinite words. The factor u of q is special if both 
ua and ub are factors of q. An infinite word is ultimately periodic if it tan be written 
UVVV...fOrsomeu,vEA*,v#~. 
A language is a subset of A*. If L is a language, F(L) will denote the set of the factors 
of its elements. Similarly, if x is a finite or an infinite word, F(x) will be the set of its 
factors. 
2.2. If x and y are real numbers, x < y, we shall denote by [x, y]* the set of all 
irrational numbers in [x, y]. 
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An infinite word s = s (1) s(2) . . . is Sturmian if and only if there exist tl E [0, l]* and 
a real number p such that either 
for all n > 1 s(n) = 
( 
a if Lna+p]=L(n+l)a+p], 
b otherwise 
or 
for all n 2 1 s(n) = 
i 
a if rnU+P1=r(n+ l)c~+~l, 
b otherwise 
We shall denote by A the function which associates with an infinite Sturmian word 
the irrational number CI of this definition. It is well known that all infinite Sturmian 
words in A - ’ (~1) h ave the same set of factors, that we shall denote by F,. 
Recall two equivalent definitions of infinite Sturmian words [3,6]. 
Proposition 1. (i) s is Sturmian if and only if for euch n 2 0, it has exactly one special 
factor of length n; 
(ii) s is Sturmian if it is not ultimately periodic and if for all u, u E F(s) with 1 UI = 1 v 1, 
we haue 1 Jul, - Iulal < 1. 
The following properties, which belong more or less to the folklore, will be useful 
later. 
Proposition 2. (i) Let c1 E [0, l]*. Then 
~1~ lim !!!!! 
IUI’@z Iul . u E F. 
(ii) 1f CI E [l/(k + l), l/k]* for integer k 2 2, then ba” b E F, if and only if n = k - 1 
or n = k. Zn particular bz 6 F,. Dually, if o! E [(k - l)/k, k/(k + l)]* then ab”a E F, only 
for n = k - 1 or n = k. 
(iii) Let c( E [l/(k + 2), l/k]* for integer k 3 1 and p(m) = sup{x; (ba“)” E F,}, then 
p(a) approaches infinity us CI approaches l/(k + 1). 
Proposition 3. Let s be an infinite Sturmian word, then 
(i) euch factor of s occurs injinitely many times in s; 
(ii) if w E F(s), then W E F(s); 
(iii) s has injinitely many different factors which are both palindromes and special. 
The least known of these properties is perhaps the last one. It tan be deduced easily 
from Theorem 2.10 of [lO]. 
Hereafter, St will be the set of the finite Sturmian words, that is of the words w which 
are factors of infinite Sturmian words, or, equivalently [S], which satisfy the following 
condition: for any factors u, u of w with (ul = (VI, we have (1~1, - IvI.I < 1. 
If w E A*, we shall denote by J(w) the set {a E [0, l]*; w E F,}. 
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2.3. Let L be a language, then I(L) = A* - F(L), if not empty, is a two-sided ideal of 
A*. The Rees quotient A*/I(L) will be denoted by R(L). As usual, R(L) tan be 
identified with F(L) u (0) by collapsing Z(L) into a Zero. When L = F(s), s E A”, we 
write simply R(s). 
Given S, a semigroup, we recall some definitions. 
Definition. A sequence xl, x2, . . . . x, of elements of S is weakly permutable if there 
exist o, z E Z,, a # z, such that x,(~~x,(~) . . . x,(,) = x,(~~x,(~) . . . x,(,). 
If in this definition we impose that z = Id, the sequence is permutable. 
Definition. S is n-permutable or has P, (resp. weakly n-permutable, or has Pz) if every 
sequence of n of its elements is permutable (resp. weakly permutable). S has P (resp. 
P*) if it has P,, (resp. Pn) for some n B 2. 
Clearly, when L = St or L = F, for some c1 E [0, l]*, R(L) has not P, as the 
languages L such that R(L) has P are the bounded languages [S]. Here we study St 
and F, in connexion with the weak Permutation property P*. 
3. Proof of Theorem 1 
We begin with a lemma. 
Lemma 1. Let s be an infinite word and k and h be integers such that (h - 2)! > k. Zf for 
euch integer m the number of special factors of s of length m is at most k, then R(s) has 
property Ph*. 
Proof. By way of contradiction, suppose that s is an infinite word, that k and h are 
integers such that (h - 2)! > k, that for each integer m the number of special factors of 
s of length m is at most k and that R(s) has not property Pt. In these hypotheses, there 
exist h factors, xl, x2, . . . . xh, of s such that all their h! possible products are different 
from each other and that at most one of them is not in F(s). Without loss of generality, 
we tan suppose that this one, if it exists, is x1 x2 . . . xh. Note now that xlx,, # 
xLxl (otherwise x2 . . . xh- lx,,xl = x2 . . . xh _ 1 x1 xh; contradiction). Let y be the longest 
common left factor of xlxL and xhxl. Then for each Permutation (r of (2,3, . . . . h - l}, 
the word x,(~) . . . x,(,, _ l)y is a special factor of s. Since (h - 2)! > k, for two permuta- 
tions 0, z of (2, 3, . . . . h - l}, o # z, we must have x,(~) . . . x,(~_~) = xZc2) . . . x,(~_~) 
and, consequently, x,(~) . . . x,(& l)xlxh = x,(~) . . . xrch_ ljxl xh. Contradiction. 0 
Remark. This lemma has some interest in itself, as it gives smaller values for h than by 
applying to this case Theorem 1.10 of [lO]. For instance, it is proved in [4] that the 
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Thue infinite word t has, for each m, 2 or 4 special factors of length m. So, by Lemma 1, 
R(t) has PT. However, this result is not optimal as R(t) has even Pz [7]. 
Proof of Theorem 1. We have to show that if s is an infinite Sturmian word, R(s) hm 
Pi but has not Pz. 
The first part is a consequence of Lemma 1 and Proposition l(i). Suppose, without 
loss of generality, that bz is not a factor of s. In Order to prove the second Part, choose 
a factor p of s which is a palindrome and is special and contains b and aa as factors. 
This is possible by Proposition 3(iii). Since p is special, pb, pa E F(s). Clearly, 
pba E F(s). As p has a right factor of the form ba”, n b 1, ba”b is a factor of s, hence by 
Proposition 2(ii), ba”+ 2 # F(s) and, consequently, pah E F(s). So by Proposition 3(ii) 
we have also abp, bap E F(s). Now, note that, for the same reason, apb E F(s) if and 
only if bpa E F(s). If both were not in F(s) then apa and bpb would be in F(s), in 
contradiction with Proposition l(ii). So apb and bpa are both in F(s). We have proved 
that all the six possible products of a, b and p belong to F(s). Now we prove that they 
are different from each other. The other inequalities being trivial, it suffices to prove 
that abp # pba. Suppose, by way of contradiction, that abp = pba; then (ab)(pb) = 
(pb)(ab) and hence, for some integer m, p = (ab)‘“a, in contradiction with the fact that 
aa is a factor of p. So the sequence (a, b, p) is not weakly permutable in R(s), and R(s) 
has not Pz. 0 
4. Proof of Theorem 2 
Let q : A* -+ A* be a morphism such that q(a) # E, q(b) # E. Then for any infinite 
word s = s(l)s(2) . . . , q(s) denotes the infinite word cp (s( 1)) cp (s(2)) . . . The morphisms 
such that q(s) is Sturmian if s is Sturmian have been completely characterized 
[2,12, 151. We consider among them tj and 8 defined by $(a) = a, $(b) = ab, O(a) = b, 
and B(b) = a. 
Lemma 2 follows from the proof of Theorem 1 in [12]; however, for the sake of 
completeness and in view of the differente of notations, we prove it. 
Lemma 2. Let s be an injinite word, then $(s) (resp. O(s)) is Sturmian if and only if s is 
Sturmian. 
Proof. This being trivial for 8, consider only $. We tan exclude the trivial case where 
s or $(s) is ultimately periodic. Suppose first that s is not Sturmian. Then by 
Proposition l(ii) there exist u, u E F(s) of same length such that 1~1, - Io1, > 1. Sup- 
posing 1 u 1 to be minimal, we find easily that u = axa, u = byb, with x, y E A*, 1 x 1 = 1 y J, 
1x1, = 1~1.. We have UZ E F(s) for some z E A. Consequently, II/(uz) = a$(x)atj(z) and 
$(u) = abtj(y are factors of $(s). But then f= a$(x)aa and g = b$(y)ab are 
factors of tj(s) of the same length with Ifla - Iglu = 2. So $(s) is not Sturmian. 
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Subcase 1.2. e =f: Then w = ax(ba”)“bay, n > 1,O d x, y d e. Define c, d by c = a* 
with z = sup{ 1, x}, d = a”b if y = e, otherwise d = E. 
Put wi = c(bae)nb, w2 = wld. As ba”b E F(w), we have, by Proposition 2(ii), 
J(w) G [l/(e + 2), l/e]*. Moreover, if c1 E [l/(e + 2), l/(e + 1)]* then M. E J(w) o 
c1 ~J(wi) and if CIE [l/(e + l), l/e]* then a E J(w) o c1 EI. Hence J(w) = 
J(wi) n Cllk + 2), ll(e + l)l* u Jh) f-7 Cl/@ + 1L W)l*. 
Asw,=Il/(~,)andw~=+(u,)forsomeu i,U2inSt,lu,I,Iuzl< Iwl,wehavebythe 
induction hypothesis J(wi) = [ql, rl]*, J(wz) = [q2, r,]* for some rational numbers 
q1 6 q2 < r2 < rI. By Proposition 2(iii), c( E J(wz) when a approaches l/(e + l), hence 
q2 < l/(e + 1) < r2. Also, as ba”b is a factor of wi and w2, l/(e + 2) < q1 and l/e > r2. 
Consequently, J(w) = [ql, rz]*. 
Case 2: 1 w Ib = 1 and aa E F(w). Then w = aZbaY. As J(w) = J(G), we tan suppose 
x 2 y. 
If x > y, J(w) = J(a”) = [0, l/x]* by Lemma 3(iii). If x = y, put w2 = a”ba”b. Then 
by arguments similar to those of subcase 1.2 above, we get J(w) = [0, l/(x + 1)]* u 
J(w2) n [l/(x + l), l/x]* = [0, l/(x + l)]* u [l/(x + l), r2]* = [0, r2]* for some 
rational number r2. 
Case 3: ) w\ 2 4 and aa $ F(w). Then w = ax(ba)nbay, n 2 1, x, y < 1. Then put 
w1 = (ab)“+‘, w2 = (ba)“+‘. If a < 3 (resp. CI > 3) then c( E J(w) o a E J(wi) (resp. 
ct E J(wz)). So J(w) = J(wl) n [O,*] u J(wz) n [$, 11. Observing that wi = $(b”+‘) 
and that w2 = e(w,) we get by Lemma 3, 
J(w)= -!L- ~ C n+l * 2n + 1’ 2n + 1 1 
Case 4: For the remaining possibilities, we have J(w) = [0, l]* for w E {E, a, ab, ba}, 
J(w) = [0, i]* for w = aba, J(w) = [0, l/n]* by Lemma 3(iii) for w = a”. 0 
Proof of Theorem 2. We have to prove that the Rees quolient R (St) has P,* . 
By way of contradiction, suppose that there exist elements xi: x2, . . . . x8 of St such 
that all their permuted products are different and that all belong to St, except at most 
one of them, xsxi . . . x7 for instance. Now, as x5x6 # xox5, we have, for instance, 
x5x6 = u’au, x6x5 = u”bu, with u, u’, u” E A*. SimiIarIy, for instance, x7x8 = vav’, 
x8x7 = vbv”, with v, v’, v” E A*. By Proposition l(ii) w = x5x6x7x8 and w’ = x6x5x8x7 
cannot be factors of a same infinite Sturmian word, as auva E F(w) and buvb E F(w’). 
So letting, by Lemma 4, J(w) = [q, r]*, J(w’) = [q’, r’]* for rational numbers q < r, 
q’ < r’, we have J(w) n J(w’) = 0, so that for instance r < q’. Now, for any 0 E C4 let 
y, = x,~~~x,~~~x,(~~x,~~~ and J(y,) = [qb, ra]*, qb, r. being rational numbers. As 
J(ybw) c J(y,) and J(y,w) c J(w) and yOw E St, we have J(y,) n J(w) # 8, so that 
qO < r. In the same way, q’ < r,. Let 4 = sup {q,,; o E Z,} and r = inf{r,; o E C,}. 
_ - Then 4 < r Q q’ < F. It follows that [q, r]* c J(y,) for any o E C4. So all y,,‘s are 
factors of some same infinite Sturmian word s. As R(s) has Pz by Theorem 1, we must 
have y, = y, for some o, t E C4, o # r, and this is a contradiction. 0 
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